The dynamic response of a cable-stayed bridge that consists of a simply supported four-cable-stayed deck beam and two rigid towers, subjected to a distributed vortex shedding force on the deck beam with a uniform rectangular cross section, is studied in this work. The cable-stayed bridge is modeled as a continuous system, and the distributed vortex shedding force on the deck beam is modeled using Ehsan-Scanlan's model. Orthogonality conditions of exact mode shapes of the linearized undamped cablestayed bridge model are employed to convert coupled governing partial differential equations of the original cable-stayed bridge model with damping to a set of ordinary differential equations by using Galerkin method. The dynamic response of the cablestayed bridge is calculated using Runge-Kutta-Felhberg method in MATLAB for two cases with and without geometric nonlinear terms. Convergence of the dynamic response from Galerkin method is investigated. Numerical results show that the geometric nonlinearities of stay cables have significant influence on vortex-induced vibration of the cable-stayed bridge. There are different limit cycles in the case of neglecting the geometric nonlinear terms, and there are only one limit cycle and chaotic responses in the case of considering the geometric nonlinear terms.
Introduction
Vortex-induced vibration (VIV) of a long-span structure is of practical importance to bridge engineering after collapse of the Tacoma Narrows bridge in 1940 [1] . VIV of a structure immersed in a fluid flow results from forces generated by alternating shedding of vortices from its surface. The structural vibration interacts with the flow, changing the fluid forces acting on the structure, and strongly nonlinear structural response with multifrequencies takes place [2] . VIV may lead to failure of a cable-stayed bridge due to fatigue damage and affect travel safety and/or comfort levels of its occupants [3] . Hence, an accurate prediction of the response of the cable-stayed bridge to vortex shedding at an early design stage is essential.
To achieve this objective, computational fluid dynamics (CFD) techniques are widely adopted to compute fluid forces on the structure by calculating the flow field information. Major CFD approaches, including direct numerical simulation [4] [5] [6] [7] , the time-marching scheme [8] , and the vortexin-cell method [9] [10] [11] [12] , mostly directly or approximately solve the time-dependent Navier-Stokes equation; however, they are limited by heavy computational requirement, which is difficult to satisfy up to now.
Apart from numerical simulations, semiempirical models have emerged as an alternative approach for predicting VIV due to their simple forms. A detailed review on VIV modeling has been given by Gabbai and Benaroya [13] , according to which semiempirical models can be divided into two main classes: single-degree-of-freedom (SDOF) models and wakeoscillator models. The former can be classified into negativedamping models [14] [15] [16] [17] and force-coefficient data models [18] [19] [20] . The wake-oscillator models consider two variables: a structural response variable and a fluid dynamic variable (e.g., the lifting force) [21] [22] [23] [24] [25] [26] .
The above semiempirical models are not able to predict the structural response for any cross section shape of a bluff body since their model parameters rely on values of structural mass and damping. An empirical model of VIV of linelike structures with complex cross sections such as bridge decks, which requires few and relatively simple wind-tunnel tests, may be useful in practical applications. Ehsan and Scanlan [27] proposed a SDOF model referred to as EhsanScanlan's model, which satisfies the above requirement; a single wind-tunnel test with a relatively simple experimental setup, called the decay-to-resonance test, is needed to estimate its model parameters. Moreover, aeroelastic parameters identified on a section model can be used to calculate the response of a cable-stayed bridge considering actual model properties of the structure. Marra et al. [28] applied EhsanScanlan's model in a realistic case study and proposed an alternative identification procedure based on direct numerical solution of a nonlinear ordinary differential equation.
Most previous studies mainly focus on VIV of cylindrical bodies and a deck-shaped body to study VIV of stay cables and a deck beam, respectively, which are two main components of a cable-stayed bridge. However, there is interaction between the stay cables and deck beam when they vibrate [29] . This paper presents VIV of a cable-stayed bridge that consists of a simply supported four-cable-stayed deck beam and two rigid towers, and it aims to study effects of the geometric nonlinearities of stay cables on the deck beam with a uniform rectangular cross section that is subjected to a vortex shedding force. Nonlinear and linear partial differential equations that govern transverse and longitudinal vibrations of the stay cables and transverse vibrations of segments of the deck beam, respectively, were derived along with their boundary and matching conditions using a Newtonian approach. Ehsan-Scanlan's model is used to model the vortex shedding force that is considered as a distributed force. Exact natural frequencies and mode shapes of the linearized undamped cable-stayed bridge model obtained in [29] are used to spatially discretize coupled governing partial differential equations of the original nonlinear cablestayed bridge model with damping via Galerkin method. The dynamic response of the cable-stayed bridge is obtained by solving resulting nonlinear ordinary differential equations using Runge-Kutta-Felhberg method. Convergence of Galerkin method for VIV of the cable-stayed bridge is investigated. Numerical results show that there are significant influences of the stay cables on VIV of the deck beam: there are different limit cycles when one neglects geometric nonlinear terms associated with the stay cables, and there are only one limit cycle and chaotic responses in the case when the geometric nonlinear terms are considered.
Problem Formulation
Consider a cable-stayed bridge that consists of a simply supported four-cable-stayed deck beam and two towers, subjected to vortex shedding on the deck beam, as shown in Figure 1 . The deck beam consists of seven segments separated by its junctions with the stay cables and towers. The following assumptions are made in this work in the formulation of the vibration problem of the cable-stayed bridge model subjected to vortex shedding:
(1) The cable-stayed bridge is modeled as a planar system.
(2) The towers, to which the stay cables are attached, are built on a hard rock foundation and can be assumed to be rigid [29, 30] ; they are connected to the deck beam through roller supports. 
, and Φ is the diameter of stay cable 1 . Some additional nondimensional parameters need to be introduced to furnish a complete definition of elastodynamic properties of the cable-stayed bridge model:
where is the tension in the stay cable on which its initial sag is dependent; that is,
in which is the acceleration of gravity. Since deck beam and cable materials of the cable-stayed bridge can generally be assumed to have different viscous damping behaviors, transverse damping coefficients of cable and segment of the deck beam are denoted by and , respectively, and their nondimensional parameters are defined by
respectively.
The Newtonian method is used here to derive nonlinear equations of motion of the cable-stayed bridge model and a full set of geometric and dynamic boundary and matching conditions. Assuming that cable longitudinal inertial forces (̈) are negligible in the prevalent low-frequency transverse vibration of the cable-stayed bridge, the longitudinal cable displacement can be statically condensed, leading to coupled nonlinear equations in terms of only the transversal cable and deck beam displacements and , respectively. The equations of motion of the cable-stayed bridge are [29] 2V +V − V − ( ) (V + ) = 0,
where a prime and dot denote differentiation with respect to nondimensional local abscissae and and the time , respectively,
The uniform cable elongation ( ) in (4), which results from the static condensation procedure, instantaneously depends on both the beam tip deflection and the cable transverse displacement through the integral form [29] ( ) = V ( , ) tan
The functions V and V satisfy the following geometric boundary conditions:
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:
The matching conditions at the junctions , where = 1, 3, 4, 6, which involve cables , where = 1, 2, 3, 4, respectively, are
The matching conditions at the junctions ( = 2, 5) with the roller supports are
Equations (4) and (5) with the boundary and matching conditions in (8)- (19) describe the nonlinear forced vibration of the cable-stayed bridge. The equations governing the small amplitude vibration of the cable-stayed bridge can be obtained by linearizing (8) through (19) in the neighborhood of the equilibrium configuration. An extensive analysis of the free vibration of the cable-stayed bridge is presented in [29] .
Modeling of the Vortex Shedding Force.
The distributed vortex shedding force on the deck beam can be modeled using Ehsan-Scanlan's model [28] :
where is the air density; is the mean wind speed; = / is the reduced frequency during VIV, in which is the frequency of the dynamic response of the cable-stayed bridge subjected to vortex shedding; is the phase angle of the harmonic force due to vortex shedding; and 1 ( ), , 2 ( ), and ( ) are aeroelastic parameters that can be determined through wind-tunnel tests. The parameters 1 ( ) and are related to linear and nonlinear components of the aerodynamic damping term, respectively. In particular, takes into account the fact that VIV is self-limiting. The parameter 2 ( ) represents the aerodynamic stiffness term. The parameter ( ) is related to the amplitude of the harmonic force due to vortex shedding. According to [27] , the second and third terms on the right-hand side of (20) have a negligible contribution to the response of the cable-stayed bridge at lock-in. Hence, at lock-in, (20) can be reduced to the following form:
The nondimensional force ( , , V ,V ) in (5) can be written as
where
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Solution Method
Galerkin method is used to analyze the vibration of the cable-stayed bridge. The dynamic response of stay cables and segments of the deck beam are expressed by
where ( ) and ( ) are corresponding components of the th eigenfunction of the linearized cable-stayed bridge model [29] , and ( ) are generalized coordinates. Substituting (24) into (4) yields
Substituting (25) into (5) yields
Multiplying (26) by ( ) ( ) and integrating the resulting equation with respect to from 0 to , multiplying (27) by ( ) ( ) and integrating the resulting equation with respect to from − to , adding all the resulting equations, and using the following orthogonality relations of eigenfunctions of the linearized cable-stayed bridge model [29] :
in whicĥ(
, is the th natural frequency of the linearized cablestayed bridge model, are positive constants, and is the Kronecker delta; one can obtain spatially discretized equations of the cable-stayed bridge:
where entries of the matrices M, C, C Aero , K, N Q , N C and N Hy are = ,
respectively. 
Numerical Simulation
Geometric and physical parameters of a cable-stayed bridge and aeroelastic parameters are listed in Table 1 . It should be noted that a width-to-height ratio of 4 is used in this paper not only because it is a typical ratio of bridge decks but also because the cable-stayed bridge is supposed to have significant response amplitudes at lock-in [28] . For all the following calculation, modal damping ratio is always equal to 0.01 . The dynamic response of the cablestayed bridge can be calculated from (29) using RungeKutta-Felhberg method in MATLAB, where initial conditions of generalized coordinates can be obtained from those of physical coordinates:
For all the following calculation,̇(0) is always equal to zero. Numerical simulations for two cases are undertaken: (1) neglecting the geometric nonlinear terms (i.e., N Q = N C = 0 in (29)) and (2) considering the geometric nonlinear terms.
Case Studies Neglecting the Geometric Nonlinear Terms.

Convergence of Galerkin method for given initial conditions
(0) = 0.1 1 , which means that the cable-stayed bridge has its initial dynamic configuration corresponding to its first mode shape and it is released from rest, is shown in Figures 2 and 3 . The amplitudes of the steady-state transverse displacements of the midpoint of the deck beam with different numbers of Galerkin truncation terms, which are set to one through 30, are shown in Figure 2 . As shown in Figure 2 , the transverse displacements of the midpoint of the deck beam initially remain stable until the truncation number increases to 15 and suddenly increase to their converged values. A truncation with 20 terms can provide accurate results in analyzing the dynamic response of the deck beam. The difference between the amplitudes of two limit cycles obtained by truncation with one term and 20 terms is 1.94%, which is small. One can come to a conclusion that a truncation with one term is accurate enough for calculation of the steady-state response of the cable-stayed bridge when its initial dynamic configuration corresponds to its first mode shape. In other words, most of the energy of the cable-stayed bridge is concentrated in its first mode in this case. Phase portraits of the response of the midpoint of the deck beam for different numbers of Galerkin truncation terms, which is shown in Figure 3 , also lead to the same conclusion. Other results that are not shown here for the sake of brevity indicate that Galerkin truncation with 20 terms yields accurate results for the dynamic response of the cable-stayed bridge in the following cases in this section. Hence, in the following numerical calculations in this section, the first 20 modes of the linearized undamped cable-stayed bridge model are used in Galerkin method. Time history responses of the midpoint of the deck beam when the initial dynamic configuration of the cable-stayed bridge corresponds to its first mode shape but has different amplitudes, that is, 1 (0) = 0.1 (the initial displacement of the midpoint of the deck beam is 32 mm) and 1 (0) = 3 (the initial displacement of the midpoint of the deck beam is 946 mm, which is rather large), are shown in Figures  4 and 5 , respectively. It can be seen that the solutions with different 1 (0) converge to the same limit cycle after long-time integration. The magnitudes of Floquet multipliers are all less than unity; the aforementioned limit cycle is asymptotically stable.
Solutions of a reduced-order model for a flow dynamic system can converge to a spurious limit cycle after long-time integration, even if it is initialized with a correct configuration [ 31, 32] . Sirisup and Karniadakis [32] demonstrated that the onset of divergence from the correct limit cycle depends on the number of Galerkin truncation terms, the Reynolds number, and the flow geometry. Since the limit cycle here does not vanish even when the truncation number is 30, which is large, one can conclude that the aforementioned limit cycle for the cable-stayed bridge is a correct one.
In many cases, higher mode shapes of the cable-stayed bridge would be excited; one such case is that when there are vehicles moving on the deck beam of the bridge. Hence, the initial dynamic configuration of the cable-stayed bridge can correspond to its higher mode shapes in the dynamic analysis of the cable-stayed bridge subjected to a distributed vortex shedding force. It is obvious that Galerkin truncation with one term is not enough in these cases. Through the same method with = 20, one can find that there is the same limit cycle as that in Figure 3 when the initial dynamic configuration corresponds to the second through sixth mode shapes, and there is a different limit cycle when the initial dynamic configuration corresponds to the seventh mode shape (Figures 6 and 7) . Two-dimensional projections of phase portraits onto the ( ,̇) plane when (0) = 0.1 1 and (0) = 0.1 7 are shown in Figures 8 and 9 , respectively. Results when (0) is equal to 0.1 2 , 0.1 3 , . . ., and 0.1 6 are the same as that when (0) = 0.1 1 ; they are not shown here for the sake of brevity. It can be seen from Figures 8 and  9 that energy of the cable-stayed bridge is concentrated in the first mode (the seventh mode) when its initial dynamic configuration corresponds to the first through sixth mode shapes (the seventh mode shape).
Case Studies Considering the Geometric Nonlinear Terms.
Convergence of Galerkin method for given initial conditions (0) = 0.1 1 is shown in Figures 10 and 11 . The amplitudes of the steady-state transverse displacements of the midpoint of the deck beam with different numbers of Galerkin truncation terms, which are set to one through 30, are shown in Figure 10 . As shown in Figure 10 , a truncation with 11 terms can provide accurate results in analyzing the dynamic response of the cable-stayed bridge, and it is much less than the cases in Section 4.1 where the geometric nonlinear terms are neglected. Phase portraits of the response of the midpoint of the deck beam for different numbers of Galerkin truncation terms, which are shown in Figure 11 , also lead to the same conclusion. It can be noted from Figure 11 that the limit cycle becomes more asymmetric when the number of the truncation terms increases. The reason for this is that when the number of truncation terms increases to 7, an additional asymmetric limit cycle appears on the ( 7 ,̇7) plane which phase portraits project onto (see Figure 12 with Shock and Vibratioṅ 
= 11).
As shown in Figures 11 and 13 , the dynamic response of the midpoint of the deck beam approaches a stable limit cycle. The bifurcation diagram of limit cycles with respect to 1 (0) is shown in Figure 14 when the initial dynamic configuration of the cable-stayed bridge corresponds to its first mode shape. One can find from Figure 14 when 1 (0) is larger than or equal to 0.27, chaotic responses occur. For instance, when 1 (0) = 0.3 and = 11, phase portraits of the response of the midpoint of the deck beam are shown in Figure 15 , which indicates occurrence of chaotic response. On the contrary, for a truncation with one term, the response always approaches a stable limit cycle no matter how large the amplitude of the initial dynamic configuration is (see Figures 16-18 ). These mean that the true dynamic response of the cable-stayed bridge may not be captured by the truncation with one term even when the initial dynamic configuration corresponds to the first mode shape. When the initial dynamic configuration of the cable-stayed bridge corresponds to one of its higher mode shapes, chaotic response occurs even if its amplitude is relatively small; this is shown in Figure 19 where the initial dynamic configuration of the cable-stayed bridge corresponds to its second mode shape and its magnitude is only 0.1. 
Conclusions
The dynamic behavior of a cable-stayed bridge that consists of a simply supported four-cable-stayed deck beam and two rigid towers subjected to a distributed vortex shedding force on the deck beam has been investigated. The dynamic response of the cable-stayed bridge is calculated using Galerkin method in conjunction with Runge-KuttaFelhberg method in MATLAB. Convergence of Galerkin method for the dynamic response of the cable-stayed bridge is studied. Numerical simulations show that the geometric nonlinearities of the stay cables have significant influence on VIV of the cable-stayed bridge, and further conclusions can be summarized as follows:
(1) In the case when the geometric nonlinear terms are neglected, accurate calculation of the response amplitude of the cable-stayed bridge at lock-in only needs use of the first mode shape of the linearized undamped cable-stayed bridge model when the initial dynamic configuration of the cable-stayed bridge corresponds to its mode shape whose mode number is smaller than seven. There is a different limit cycle when the initial dynamic configuration corresponds to its mode shape whose mode number is equal to or larger than 7.
(2) In the case when the geometric nonlinear terms are considered, calculation of the response of the cable-stayed bridge generally needs use of multiple mode shapes of the linearized undamped cable-stayed bridge model even when the initial dynamic configuration of the cable-stayed bridge corresponds to its first mode shape. There is a limit cycle when the initial dynamic configuration of the cable-stayed bridge corresponds to its first mode shape and its amplitude is smaller than 0.3 for the generalized coordinate, and there is chaotic response when the initial dynamic configuration of the cable-stayed bridge corresponds to its first mode shape with its amplitude larger than 0.3 for the generalized coordinate or one of its higher mode shapes.
